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BOUNDARY-LAYER CHANGES ACROSS AN INCIDENT REFLECTING SHOCK

By S. Z. Pinckney

NASA Langley Research Center
Langley Station, Hampton, Va.

ABSTRACT -
o,
/}5//
A nmethod is presented for calculating the changes in thickness and velocity
profile imposed on a turbulent boundary layer by the action of an incident

reflecting oblique shock. Two general methods have been utilized in previous
investigations on boundary-lsyer-shock intersections:

(1) Momentum integral methods
(2) Assumptions of shock models and average boundary-layer parameters

The present method can be listed under method 2. The flow model used is that of
& hypothetical one-dimensional boundary layer which satisfies the total momentum,
mass flow, and energy of the actual boundary layer (having variable properties)
upstream of the shock. Pressures in the hypothetical one-dimensional boundary
layer are expressed in relation to the corresponding pressures in the free stream
outside of the boundary layer. Through these expressions the static-pressure
rise in the actual boundary layer is matched with that of the free stream. By
use of empirical relationships arrived at from a study of experimental boundary-
layer data, it has been found possible to calculate with reasonable accuracy the
mass contribution from the main stream to the boundary layer as it passes through
the shock.

The changes in thickness and velocity-profile index of turbulent boundary
layers, as calculated by this method, are compared with experimental behavior
from data of other investigators. In general the agreement between calculated
and experimental results, at Mach numbers as high as 4.0 and shock turning angles
to 13°, is substantially better than that obtainable with previously published
methods.
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BOUNDARY-LAYFR CHANGES ACROSS AN INCIDENT REFLECTING SHOCK

By S. Z. Pinckney*

NASA Langley Research Center
Langley Station, Hampton, Va.

INTRODUCTION

A number of analytical and experimental investigations have been conducted
on the behavior of boundary layers interacting with incident reflecting shock
waves. The analytical treatments for, the most part use one or the other of two
basic lines of approach.

The first approach is that employing the momentum integral equation. Ritter
and Kuo (ref. 1) used this method. The nature of their assumptions was such as
to 1limit the applicability of their analysis to low values of Mach number and
very weak shocks (on the order of 1° to 2°). Reshotko and Tucker (ref. 2) uti-
lized the same approach as Ritter and Kuo but theilr method was more refined.

Falr agreement with data is obtained using Reshotko and Tucker's method to cal-
culate the changes in shape parameter and boundary-layer thickness across weak
shock waves (on the order of 20 to 4°), However, the quality of the prediction
deteriorates as the strength of the incident shock increases. The second method
employs a hypothetical one-dimensional boundary layer having transversely con-
stant properties that are derived from the transversely variable properties of
the actual boundary layer. The overall changes occurring in the actual boundary
layer are then deduced from the changes imposed on this hypothetical boundary
layer 1n consequence of the actions occurring in a postulated boundary-layer-
shock model. This approach was used by Hammitt in reference 3. Hammitt's
analysis gives good results for the velocity-profile change but, as shown in
figure 1, diverges from data for thickness change as the strength of the incident
shock increases. Figure 1 also gives a spot value calculated using the method
of Reshotko and Tucker for one of the data points of reference k.

The present analysis, although similar in approach to that of Hammitt,
employs a model for the mechanics of the hypothetical boundary-layer flow which
permits evaluation of the mass contribution to the boundary layer from the exter-

nal stream. Incorporation of this provision is regarded as essential to the
successful estimation of the boundary-layer-thickness change.

SYMBOLS

Cm Mach number function used in the fitting of Zp data

H total pressure

*
Aerospace Engineer.
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distances identified in figures 4 and 5

1lpV
mass flow per unit ares ratio, JF EE—E d(z)
P,V )
0] 11
Mach number

)y \I/B
velocity-profile index from el (g)
A

static pressure

theoretical free-stream rise in static pressure across both incident
and reflected shocks

2
dynamic pressure; Z%?—

Reynolds number based on ©

static temperature

total temperature

velocity

perpendicular distance from the wall
mass flow in the boundary layer

ratio to 3] of the distances from the wall to the intersection of
the wall shock and incident shock

ratio to 61 of the distance from the inviscid intersection of the

incident shock with the wall to the most upstream point at which the
pressure rise is detectable

turning angle through single shock wave

angle of extra turning of the wall shock

boundary-layer-shock turning angle

shock angle

ratio of specific heats, cp/cv

boundary-layer thickness
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boundary-layer thickness as indicated in figures 4 and 5

mass density, p/gRT

ratio of displacement thickness 5% +to boundary-layer thickness B,
1
PV . (Y
l———V—dg
o) AN

(8%/8)
(a/3)

shape parameter,

ratio of momentum thickness” 6 to boundary-layer thickness 3,

1
f flzv_b( - V_b)d(l)
o P11 Vi \o

1 2
PV
momentum per unit area ratio, Jf bbb d(1>
v.2/ \b
0 \P1Vy
lpV3
energy per unit area ratio, JF b b d(%)
0 \py¥y?

Subscripts:

b

d

boundary layer

at the point of maximum pressure rise downstream of the shock
effective or average

free stream or conditions at the edge of the boundary layer
conditions upstream of the shock

stagnation conditions

prime values are at station 6&

ANATLYSTS

A one-~dimensional hypothetical boundary layer that has the same boundary-

layer thickness, mass flow, integrated total momentum, and integrated total



enthalpy as that of the actual boundary layer is assumed. This hypothetical
one-dimensional boundary layer is used, along with a boundary-layer-shock
model and empirical data, to determine the changes (from a point upstream
of the incident reflecting shock to the point of maximum pressure rise down-
stream of the shocks) in the velocity-profile index and in the boundary-
layer thickness. The followlng assumptions were made:

(1) The flow is adiabatic.
(2) The friction effects through the region of calculation are negligible.

(3) Upstream of the shocks and at the point of meximum pressure rise down-
stream of the shocks, the static pressure of the actual boundary layer is con-
stant across the boundary layer and equal to the corresponding theoretical free-
stream static pressure.

vy 1/N
(4) The velocity profiles satisfy the relation o (%) , where N 1is

A
the velocity-profile index.

(5) The static-temperature profiles are of the form

£ -1 +0.806 2=2L M2 V-Qz
ty ‘ 2 LT AV

which is the form given in reference 5 for adiabatic turbulent flow.

(6) The boundary-layer-shock model assumed is of a type consistent with the
boundary-layer development and shock configurations revealed by shadowgraph and
schlieren observations of the actual phenomena as given in references 4, 6, 7,
and 8.

(7) The expression for the integrated total enthalpy of the one-dimensional
hypothetical boundary layer is as follows:

5 5
CpTe fo o Vp ¥ = L CpTpo, Vo AY

The necessary equations for determining the values of the equivalent boundary-
layer parameters with the exception of the integrated total enthalpy are sum-
marized in reference 9.

Profile-Index Change

Two parameters, the free-stream Mach number M; and either the boundary-

layer-profile index N or any one of the parameters of the equivalent boundary-
layer flow are needed to describe completely the boundary layer except for the

N




absolute thickness ©&. Inasmuch as Ml,l and N, are known, the boundary

layer upstream of the shock is completely described. The Mach number at the
edge of the boundary layer downstream of the shocks Ml,d is easily determined.

To describe completely the boundary layer at the downstream station, it suffices
to obtain any single equivalent flow parameter downstream of the shocks. The

P
pressure ratio _e,d was chosen as the parsmeter to be determined. The correct
Pi,a
Y
value of 5EL2 must satisfy both the profile-index relationship with the free
stream downstream of the incident and reflecting shocks and the boundary-layer
effective static-pressure rise through the boundary-layer shocks.

Y
Determination of —&d values corresponding to the profile-index relation-
P1,a
ship.- The one-dimensional hypothetical boundary-layer Mach number Me,l upstream

of the shock can be obtained by combining the continuity, total momentum, and
energy equations to obtain the effective Mach number function,

1/2

7 - 1 pV t m 1 Y - 1 2 n

M, 1(1 + M 1> ( > (-) (-—) + M 1<—>
) 2 ) LT\ ), (el e 2A\ng),

Po%0/, 1

(1 +ng,) @)z,l[l ' 7M%’l<%>1]

Equation (1) is derived directly from equation (5) of reference 9 with the
exception that an expression for effective total temperature based on the energy
equation has been substituted for stagnation temperature, which was assumed con-
stant across the boundary layer in reference 9. In evaluating equation (l) it

1/2, 1/2] N 1/2

(1)

will be found convenient to use plots of <§L>, (gl), and (%l) presented in
1 1 1

figures 2(a), (b), and (c) as functions of the velocity-profile index and the
free-stream Mach number M;.

Combining the continuity, momentum, and energy relationships of the equiv-
alent boundary-layer flow and of the actual boundary-layer flow and assuming that
the average energy per unit mass is the same at stations 1 and 4, the following
equation is obtained for the boundary layer at the downstream station:
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For the profile-index-change calculation a simplified boundary-layer-shock model
is assumed (fig. 3), which gives the same results as can be obtained for the more
complicated models. By use of the shock model of figure 3, the equivalent

boundary-layer flow at Mg 1 (obtained from eq. (1)) is subjected to a range of

turning angles ay, to obtain & range of Me,d values. These Me,d values are
substituted in equation (2) to obtain a family of equations of the form

o) Se(E) * oo 70 (5)

where for a given value of ap, &, b, and c¢ are constants. The solution of
equation (3) for each selected value of ), 1s a function of the velocity-
profile index N3y and of the free-stream Mach number Ml,d' The Mach number
Ml,d is determined from the external stream conditions. Thus, the solution of
each equation (3) for Ny can be obtained by using figures 2(a) and (b). With
the values of Ml,d and N3y known, the corresponding Pe,d/PI,d values can be

evaluated from the equation

1Y
L4 bab@“—) (4)
Py,a 1/q

The values of (m/mz)d are determined for the Ny value obtained by solutions
of equation (3). Having obtained solutions for Ng and Pe d/bl q s 8 func-
2 2

tion of @, through the conservation equations relating the equivalent flow

and the actual boundary-layer flow at station 4, the next step is to obtain a
second set of solutions for Pe d/pl a through values obtained from the effec-
> >

tive boundary-layer-shock system.

Determination of Pe d/pz d values corresponding to the effective static-
’ >

pressure ratio through the boundary-layer shocks.- Corresponding to the range of

6




Me,d values obtained in the previous sectlon by subjecting Me 1 to a range
2

of turning angles by using the shock model of figure 3, a range of effective
static-pressure ratios pg afp is obtained. This range of p P values
» e,l e,d/%e,1

is then used to obtain Pe d/pl g 28 a function of o, from the following
2 >

equation:

P
2 /(9 -e,d
pe,d _ 1,1\%; 1 Pe,1

P, 4 2

1,d 1+ Mg, Py,d
P
1,1

(5)

The pressure ratio Py d/pl 1 is the theoretical static-pressure ratio across
2 2 N
both incident and reflected shocks in the free stream.

Graphical solution for pe-d/pZ a- Superposition of the two sets of values
2 2

of p d/p as functions of a obtained as described in the preceding sec-
e, 1,d
tions yields a graphical solution for the unique value of Pe d/pz a which
’ ’

satisfies simultaneously the requirements of the boundary layer and of the exter-
nal stream and thereby determines the correct value of the boundary-layer-shock
turning angle a3,. The value of Ny 1s then immediately determinate from the

value of Q)

Boundary-Layer-Thickness Change

The boundary-leyer-thickness change across the shock system is calculated
from the equations of continuity applied in & direction parallel to the wall.
It is essential that provision be made for the effects of mass transferred from
the external stream to the boundary layer in passing through the shock system
and the following mixing region up to the point of maximum pressure rise. The
very simple boundary-layer-shock model successfully used in the previous section
to calculate the profile-index change permits no mass-flow addition to the
boundary layer and is unsuitable for thickness-change calculations. It becomes
necessary therefore to introduce a somewhat more elaborate model which recognizes
the effects of mass sddition.

The models selected, illustrated in figures 4 and 5, incorporate a shock
originating at the wall representative of the effect of the thickening which .
occurs in the inner part of the actual boundary lasyer under the influence of an
adverse pressure gradient. A procedure has been evolved for arriving at the
strength and point of origin of this wall shock such that the mass flow in the
boundary layer can be deduced from the distence from the wall of the boundary-
layer outer streamline. The turning of the equivalent boundary layer by this
wall shock creates a void region in the flow model contiguous to the wall. Some
further elsboration of the flow model incorporates features suggested by study



of schlieren pictures of the terminal development of the boundary-layer flow to
the point of maximum pressure rise.

Mass addition to the boundary layer through the shocks.- The point of origin
(fig. ¥ or 5) of the wall shock is determined by knowing the shock turning angle
and the distance from the wall (Zlal) to the point of intersection with the inci-

dent shock. The value of Zq (ratio to &7 of the distance from the wall to the

intersection of the wall shock and incident shock) is obtained from functional
relationships empirical in origin. With the point of origin of the wall shock
and the turning angle known, the fore part of the void region can be described.
After the incident shock intersects with the wall shock it passes on to inter-
sect with the void region. The wall shock passes from the point of origin out
until it intersects the boundary-lasyer edge. The height of the void region is
then calculated at the longitudinal location of the intersection of the incident
shock with the void region or at the longitudinal location of the intersection
of the wall shock with the boundary-layer edge, whichever point is farther down-
stream. The boundary-layer thickness at this position is referred to as Sd

Study of the boundary-layer mass flows in comparison with values calculated from
the preceding flow model, with various assumptions being used for the strength
of the wall shock, revealed an interesting proportionality. At turning angles
of a) within the equivalent boundary layer, for both the incident shock and the
wall shock, the boundary-layer flow calculated for a thickness Bd (at values

of peVe corresponding to the state of the equivalent boundary layer at this

station) generally was about 8 to 12 percent less than the measured boundary-
layer mass flow at the point of maximum pressure rise. Thus, the height of the
void region at the station designated by thickness 8& was nearly a measure of

the exact mass addition to the boundary layer.

The postulated strength of the wall shock was increased slightly by stipu-
lating a turning angle greater than the angle o« by a small angle ab This

change served to establish equality between the measured boundary-layer-flow
addition and that calculated as indicated, from the height of the void region.
The requisite values of “b were determined for the available data and are
presented in figure 6 plotted against the free-stream turning angle of the inci-
dent shock. Within the range of the data investigated, no systematic trend with
Reynolds number, Mach number, or incident shock strength was evident. The assump-
tion, in the light of this result, that °b can be given a fixed value of 20
for the range of conditions explored, forms the basis of the method given here
for calculating the mass addition to the boundary layer and, from this result,
the change in thickness. It remains now to outline the process of making the
calculation.

Outline of calculations.- The calculated mass-flow ratio across the shocks
is given by




7y = l( ' )2
' 1 t 1 + M '
fa _ (Pe,a)Me,a 2 \3) |f5
y -1 2 [\3;

> Me,1

(6)

W .
1 pe,l Me;l 1+

The equivalent flow parameters Mé,d and pé g are obtained by subjecting the

J
equivalent flow at station 1 to a total turning of (2ab + 20). In order to cal-
culate 8& 1 the value of Z7 1is needed, as is the turning angle and the shock
angle of each of the shock waves of the boundary-layer-shock models (figs. k4
and 5). An empirical correlation has been established for Zj, which is illus-
trated in figure 7. The value of Z; for a given set of conditions is a function
of shock turning angle, Mach number, and Reynolds number. Details of the corre-

lation are given in the appendix. The various shock angles and lengths required
to determine the mass-flow addition through evaluation of 6&/61 can be computed

using conventional two-dimensional, oblique shock characteristic methods. The
necessary equations are summarized in the appendix.

The continuity equation written between stations 1 and d with the inclusion
of the calculated mass-flow ratio across the shocks gives for the overall
boundary-layer-thickness ratio Sd/Sl.

Py 17,1 -
5 LA )
1,4 l’d(mz>d

where w&/wl is calculated by assuming the wall-shock turning to be (@b + 20).

(7)

RESULTS AND DISCUSSION

Profile-Index Change

The method given for calculating a change in profile index N was derived
with the assumption that the boundary-layer-velocity distribution was truly
exponential. A value of N, for purposes of analysis, may be associated with an
actual boundary-layer-velocity profile, not truly exponential. This purpose is
accomplished by stipulating that the value of N +to be assumed for the actual
profile corresponds to a truly exponential profile having a value of (@/@1)

identical with that of the actual boundary layer. The quality of the results
obtained by using the exponential assumption is evidenced by figure 8, which
shows data points and curves calculated by the procedure outlined in a previous
section. The greatest deviation found in the cases analyzed was of the order
of 10 percent.



Boundary-Layer-Thickness Change

Curves of 5d/61 as a function of %5 calculated by methods outlined

herein, are shown in figure 9 at values corresponding to the data of references A,
6, and 7. Only data from experiments for which the shock generator completely
spanned the tunnel have been used. Figure 9 shows the experimental value of
Sd/ﬁl for a; = 4° obtained from reference 4 about 10 percent above the cal-

culated Bd/Sl value. A study of the parameters used in the calculation of
Sd/Bl showed that the calculated value of Zp (and thus the value of Z3) was

approximately 10 percent lower than the experimental value. Recalculation of
the 5d/51 curve, using the experimental values of Z, instead of the cal-

culated values, brought the calculated Sd/sl values to within 3 percent of the
experimental values. The difference between the experimental and calculated Zo

values 1s perhaps a consequence of three-dimensional effects. Except for the
previously discussed discrepancy, the calculated boundary-layer-thickness change
agrees within 5 percent of the experimental values.

As the present empirical curves used in the calculation of Sd 5, are

based largely on the data of references 4, 6, and 7 it is not surprising that
the calculated curves of 83/81 correspond reasonably well with the experimental

curves. Demonstration of the general applicability of this empirical procedure
for calculating the development of turbulent boundary layers under impinging
reflecting shocks, both within the range explored and by extension to broader
ranges of Reynolds number, Mach number, and shock strength, awaits the acquisi-
tion of new data.

CONCLUDING REMARKS

In the light of the present investigation of the interaction between an
incident-reflecting oblique shock system and a two-dimensional, supersonic,
turbulent boundary layer the following statements can be made relative to the
changes in the boundary layer between a point upstream where the interaction
starts and the downstream point where the maximum pressure rise occurs:

1l. With regard to the analytical procedure for calculating the change in
the profile index:

(a) The profile-index-change calculation requires no empirical informa-
tion or knowledge o0f the boundary-layer-thickness change.

(b) Values of N change calculated at Mach number 3.0 and turning
angle up to 11° are found to agree with data to within 10 percent or better.

2. With regard to the empirical procedure for correlating data of boundary-
layer-thickness change:

10




(a) The boundary-layer-shock model assumed is of a type consistent-
with the boundary-layer development and shock configuration revealed by
shadowgraph and schlieren observations of the actual phenomena.

(b) Data in the Mach number range 2.9 to 3.85, Reynolds number range
(Rg) of 1.7 X 10° to 5.82 x lO5 and for turning angles through the free-
stream incident shock up to 13 are correlated to within 5 percent.

(c) The next steps will be preparation of a format designed for ready
utility and, as data become available, exploration of the range of
applicability.

11




APPENDIX

EMPIRICAL CORRELATION OF Z; AND DETERMINATION OF 6&/51

At present the value of Z, 1is most easily obtained from the empirical curve
of Zl/Z2 as a function of A@/ql 1 1in figure 10 and the empirical relation
2

for Zo (ratio to ®1 of the distance from the inviscid intersection of the

incident shock with the wall to the most upstream point at which the pressure rise
is detectable),

d
0.068341,1 Ap )

Z, = Cy. _ R (8)
2 M
Z,l( 5 q.z,l

The exponent d 1is given by the expression

~0.0202M -8.83(M, --2.9)°
d = 1.406e Z:ll;.nse 3(M2,1-2-9) +1]

The empirically determined Mach number function CM2 1 is given in figure 11.
J

The quality of correlation of Zs (calculated) versus Zo (from the experimental

data) can be seen in figure 12. The range of the data and the types of data
(wedge or reflected shock) used in figure 12 are presented in table I. These data
are from references %, 6, 7, 8, and 10 to 1k.

The shock-wave angles and the corresponding turning angles of the boundary-
layer-shock models (figs. 4 and 5) are presented in the following table:

Shock angle Turning angle
Pp,1 o
' o]
Bo,1 ap + 2
o)
Pp,2 op + 2
t
Pv,2 %
Bzy,l d,l + 20
By,2 a

12




The evaluation of 5&/61, obtained from the values of the shock-wave angles

and the corresponding turning angles of the boundary-layer-shock models along with
the calculated value of AR) depends on which of three cases is applicable. The

three cases and the corresponding equation of 6&/81 for each are:

Case 1: For 121y amd (Z38)) <B (wnere 1j and 1, are indicated
in fig. M(b)), 12/51 is given by

- 1 - N
5 tan Bb,l sin By 7 sin By o tan(ﬁb,e - ab)

lo__ %, ||_ste(Bo,1 - op)sin(By,o - ab) (2 - 2,) (9)

and 11/81 is given by

]sin[ﬁ{),z - (Gb + 20)] cos(a,b + 20)

<i> =2y L 1 + 1 L ' 1
: 51 tan By, 1 tan[ﬁb,? - (O"b + 20):U sin By »

|

(10)

When 12, Zl, and (2151) satisfy the conditions of Case 1 the following expres-

sion for 6&/61 is used:

(1 - Zl) + 2 (11)

Eé ) sin(Bb’l - ab)sin(Bb’g - ab)
81 sin Bb,l sin Bb,2
Case 2: For 1, <1, and (Zlal) < 5 (fie. L), equations (9) and (10)

are used for 22/61 and 11/61. When 1o, 11, and (lel) satisfy the condi-

tions of Case 2, the following equation for 6&/81 is used:

20

Sa ) J|o0(Po,n - %)%in(Ry 2 - %) (1-2)b+2y+ hole

61 sin Bb,l sin Bb,2 81
(12)

Case 3: For 1, <1; and (zlal) >3 (lp and 1) are indicated in

. s o m . . ! R
ig. 5(v)), Lhe foliowing equation for Bg/®) 1s used:

13



1
%4
51

. 1
sin BZ,l sin 31’2 1

= {[Sin(Bl,l _ %)Sin(ﬁz,e - a'l):l(l - Zl)} ’ Zl + 11 ; 12 tan 20 (15)

with 12/61 given by

[Sin(ﬁ;':l - %>Sin(61’2 ] o‘FL)](]_ -z ) +7Z, -1
sin Bi,l sin BZ,E 1 1 . 1

tan(a.b + 20) tan Bt:,l

o}
=N

and 7’1/ 61 given by

. )
sin Bl,l - sin B'L,2-a7.

t + Z]_
1 _s1n[ﬁb o= (a,b+ 20)]cos(a.b+ 20)ﬁ12+ sin Bl,l sin 81’2 L
51 sin B't'>,2 fl tan E&é,g- (cx;o+ 20):] |
(15)
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